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Let {x,,} be a sequence of real numbers and let a(n) be a sequence of positive 
real numbers, with ,4(N) = d-, a(n). Tsuji has defined a notion of &)-uniform 
distribution mod 1 which is related to the problem of determining those real 
nybers to for which A(N)-’ x:-l a(n)ewita2n --+ 0 as N -+ ~0. In case f(s) = 
a(n)e-8zn, s = (r + it, is analytic in the right half-plane’0 < (I, and satisfies 
k&in smoothness condition as D -+ 0 + we show that f(u)-lf(u -+- it,,) -+ 0 
as D + 0 + if and only if A(N)-’ & a(n)k-~“ozn --f 0 as N -+ co. 
1. INTRODUCTION 
Let {x,,} be a sequence of real numbers and let a(n) be a sequence of 
positive real numbers. We shall refer to the a(n)% as weights and write 
A(N) = f a(n) 
Vl=l 
for the sum of the first N weights. Tsuji [8] has generalized the notion of 
uniform distribution mod 1 by replacing certain Cesaro means by more 
general weighted means. Specificly, we say that (x,} is a(n)-unifor&j~ 
distributed mod 1 if for each pair of real numbers u and v such that 
O<u<v<l,wehave 
$2 A(N)-1 it a(n) = v - 24. 
n-1 
~S~,-l%l<~ 
*Except for minor changes this article is part of the author’s Ph.D. dissertation, 
written under the direction of Professor Harold G. Diamond at the University of Illinois 
and the University of Nottingham. 
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The Weyl criterion is easily generalized to the case of a(n)-uniform 
distribution mod 1. Thus we have, 
THEOREM 1.1. Let {x,} be a sequence of real numbers and let a(n) be a 
sequence of weights. Then the following are equivalent. 
(i) {x,} is a(n)-uniformly distributed mod 1, 
(ii) for each integer J # 0, 
lih& A(N)-l g a(n) e2niJxn = 0. 
n=1 
We remark that more general notions of uniform distribution have been 
defined by using different symmability methods. (For an account of these 
investigations we refer to [l, 2, 71. For our purposes, however, we shall 
consider only uniform distribution mod 1 relative to a sequence of weights 
a(n). 
Throughout the remainder of this paper we shall assume that the 
sequences {a-,} and a(n) satisfy the additional conditions 
(H,) O<x,<x,<x,<...<x,<..., 
(H,) the series xcC1 a(n) e-OS% converges if and only if 0 -=c u. 
We then let s = 0 + it be a complex variable and define f(s) for 0 < o by 
f(s) = a(n) 6’““. 
It follows that f(s) is analytic in the half-plane 0 -=c CT and that f(u) + co 
as (T -+ O+. Our objective in this paper is to show that if f(r~) satisfies a 
certain smoothness condition as o ---f 0+ then for any real t, # 0, 
EIl+f(q)-l f(0 + it& = 0 (1.2) 
lb& A(N)-l $J a(n) eeito”n = 0 
TZ=l 
are equivalent. Indeed without any additional hypotheses onf(s) we give a 
simple Abelian argument to show that (1.3) implies (1.2). We note that by 
Theorem 1 .l the problem of determining the set of real numbers 01 such 
that {ax,,} is a(n)-uniformly distributed mod 1 is solved by finding the set 
of real numbers to which satisfy (1.3). 
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2. A TAUBERIAN THEOREM 
If for each real number y we deline 
T(Y) = c 44, 
Zn<” 
then we may write 
f(s) = fl a(n) fFsz* = j. e+ d?(Y) (2.1) 
as the Laplace transform of a certain Borel-Stieltjes measure on [0, co). 
Thus f(s) is a special case of the transform 
P(s) = JoI e+” dP(Y), 
where ~1 is a monotone increasing function, continuous on the right, and 
such that jz e-OY &(y) converges if and only if 0 < CJ. 
THEOREM 2.2. Let p and $ be as defined above. Let t, # 0 be a jixed 
real number and let 
p*(x) = IO:’ eeifO” dp(y). 
Iflim,,, {p(x)>-’ p*(x) = 0 then 
hl+ {$(u))-1 /qa + it,) = 0. 
Proof. We may assume without loss of generality that p(u) = 0 for 
y < 0. Then let E > 0 be given and let y,, be so large that 1 p*(u)] < 
E&) whenever y, < y. If 0 < 0 then we may integrate by parts to obtain 
I a(0 + it,)1 = 1 lrn e-Off dp*(y)l 
O- 
< u I J‘ :a p*(y) e-oy d  1 + +tu>. 
It now follows that 
l$s;p {P(4>-1 I $(a + it,)1 < E. 
64WI-6 
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For the converse or Tauberian theorem corresponding to Theorem 2.2 
we require an additional condition on the behavior of p(u) as u --f Of-. 
The condition in question is precisely that used by Karamata [5,6] to 
generalize a Tauberian theorem of Hardy and Littlewood [3,4]. In fact 
we use Karamata’s method of polynomial approximation to obtain our 
result. 
Let L(x) be a positive real valued function defined for all large values 
of x. We say that L(x) is slowly oscillating if for each real number /3 > 0 
we have 
$2 {L(x)}-1 L@x) = 1. 
As before let p(y) be a monotone increasing function, continuous on the 
right, and such that p(o) = Jz- e+ &(y) converges if and only if 0 < u. 
We say that F(u) is of regular growth if there exists a positive real number K 
(called the exponent of growth) and a slowly oscillating function L such 
that 
$(u) - u-KL(bl) 
as u -+ Of. Karamata’s theorem can be stated as follows. If p(u) is of 
regular growth with exponent of growth K then 
P(X) - {r(K + 1 )I-’ &(X+) 
asx+ co. 
THEOREM 2.3. Let p(s) = Jr- e+u dp(y) and let P(U) be of regular 
growth. Iffor some t, # 0 we have 
then 
$2 {p(x)}-l 6’ eTitoy dp(y) = 0. 
Proof. Since $ is of regular growth we have 
~+~+WW’ iww = 19+ (2.4) 
for each fi > 0 and some fixed K > 0. It will be convenient to let 
h(Y) = {&))-1 (lodY-l))x-* 
for 0 -=c y < 1 and to observe that A, E P([O, 11) for 1 <p < co and 
K > 1 - p-l. We also note that for j3 > 1, 
F-F = I1 X,(y) ys-l dy. 
0 
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Now let p be fixed, 1 <p < co, K > 1 - p-l, and let 4 be defined by 
p-l + 4-l = 1. Let Sa be the set of all real valued functions g(x) defined 
on [0, I] such that there exists a sequence of continuous functions {C,(x)} 
that is Cauchy in L*([O, 11) and satisfies 
G,(x) G g(x) < Gn+1W (2.5) 
for all positive integers m and n. In view of the Weierstrass approximation 
theorem we may assume that each C, is a polynomial. 
We wish to show that for each function g E 9g , 
I 
m e-oyg(e-oy) &L(y) - P(u) (j’ AC(Y) g(y) dY) (2.6) 
o- 
as u + O+. If g(x) = xn, n = 0, 1,2 ,..., then by (2.4) we have 
I m e-oyg(e-oY) c+(y) o- 
= iw + 4 4 - liz(dU + 4- = P(u) ( jol AC(Y) &r(Y) dY). 
By linearity (2.6) holds for any polynomial g. 
If g E ‘3* is arbitrary, if {C,(x)} is Cauchy in L*([O, 11) and satisfies (2.5), 
then 
S,m e-“YC,,(e-uY) c&(y) < jm e-3WuY) MYI 
O- 
< m s e-““C 2m41(e-9 44~) O- 
for each positive integer tn. Since we may assume that the Cm’s are poly- 
nomials we have 
But the difference 
j,J”,’ AC(Y) Ga+1(Y) dY - jol L(Y) Gm(Y) dY ) 
G II At lb II G&n+1 - G&n l/P 
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by Holder’s inequality and can be made arbitrarily small by letting m -+ co. 
Since 
lim 1’ h(Y) G(Y) dY = 1’ k(Y) g(y) dY, nr+K 0 0 
(2.6) follows. 
Next we shall show that 
b& {/z(u)}-’ jo; e-(“+itJyg(e-oy) dp( y) = 0 (2.7) 
for each g E gQ. We first observe that for any /3 > 1, 
@(dY I P@ + it,)1 d UWJ)Y I P@u + ito)1 cw 
since P(u) is decreasing. By hypothesis the right-hand side of (2.8) tends 
to zero as D --+ Of, thus so does the left-hand side. By linearity we have 
(2.7) whenever g is a polynomial, just as 
function in qQ and {C,(x)} is a sequence 
G([O, 11) to g then 
before. If g(x) is an arbitrary 
of polynomials converging in 
< 
IJ 
co e-b+it )Y 0 
O- 
GW”9 +(Y)I + IO1 eeoY I Cm(e-u9 - de-““)! 4.4~). 
We observe that 1 C,(x) - g(x)1 E SC for each m and so 
lim+;Fp {j?(0)}-’ / JoI e-(“+ito)yg(e-o’) &( y)l 
<Of .r l k(Y) I G(Y) - dY)l dY 
d II A, iii il Cm - g lb . 
If we let m -+ cc then it follows that (2.7) holds for each g E 9, . 
We now choose 
go(x) = 0 if 0 < x < e-l, 
zz x-1 ife-l<x<l, 
and note that go E gg for all q, 1 < q < co. 
Then 
(Joyml’+ dp( y))-’ (/or-1’+ edtoY dk( y)) 
= MC1 (Joy e -(“+ifo)ygo(e-“Y) dp( y)) f&(u)} (Jo:-“+ dp( y))-‘. 
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By Karamata’s theorem the product of the third and fourth factors has the 
limiting Value r(K + 1) as tJ -+ 0+, while the product of the @st and 
second factors tends to zero as o + O+. If we write x = 0-l the?r this is 
the statement to be proved. 
If we combine Theorems 1.1, 2.2, and 2.3, we have 
COROLLARY 2.9. Let {x,] and a(n) satisfy HI and H, . Let f(s) be 
defined by (2.1) and let f (u) be of regular growth. Then for eachfixed 01 > 0 
the following are equivalent. 
(i) {ax,} is a(n)-uniformly distributed mod 1, 
(ii) for each integer J # 0, 
lim f(0)-lf(u 
o-o+ 
+ 2niolJ) = 0. 
3. APPLICATIONS 
If f (s) = CzBl a(n) ecsr n is meromorphic in an open set containing the 
closed half-plane 0 < (T then f(s) has regular growth with K a positive 
integer equal to the order of the pole at s = 0. In this case (1.2) holds if 
and only if f (s) is analytic at s = it, or has a pole at s = it, of order less 
than K. 
For example, if a(n) = n-l and x, = log n then f (s) = CI-_, n-le-S(lOg ‘O 
= c(s + l), where 5 is the Riemann zeta-function. Since {(s + 1) is 
analytic everywhere except for a pole of order 1 at s = 0 we obtain the 
result of Tsuji [8] that (a log n} is n-l -uniformly distributed mod 1 for 
each 01 > 0. 
By logarithmic differentiation of the Euler product for [(s + 1) we 
have 
il pi1 log p,e-8(10g9n) = - ‘;:sI 1 :i + h(s). (3.1) 
Here p1 , p2 ,... is the sequence of primes in their natural order and h(s) 
is analytic in the half-plane -4 < (T. Since [(l + it) # 0 the series in 
(3.1) defines a function analytic at each point of the imaginary axis except 
for a pole of order 1 at the origin. Thus we conclude that {CY logp,) is 
pi1 logp,-uniformly distributed mod 1 for each 01 > 0. 
A simple method for obtaining uniformly distributed sequences consists 
of multiplying several Dirichlet series together. Thus if {ql , q2 ,..., qm) is 
a set of m distinct primes then 
,ii, (1 - 9KY = dlogu,) gle- ’ (3.2) 
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where { JJ%} is the sequence of positive integers whose only prime divisors 
are in ihe set {ql , q2 ,..., qm}. The product in (3.2) defines a function 
with a pole of order m at s = 0 while all of its other poles have order 1. 
Thus if m > 1 then {a log ya} is l-uniformly distributed mod 1 for each 
o! > 0. 
In a paper to appear we apply Corollary 2.9 to the seriesf(s) = Cz==, 
A(n) ecsTz, where A is von Mangoldt’s function. We then obtain the well- 
known result of Vinogradov [9], that {LX~,J is l-uniformly distributed 
mod 1 whenever 01 is irrational. 
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